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EXISTENCE OF SYMMETRIC POSITIVE SOLUTIONS FOR A CAPUTO
FRACTIONAL SINGULAR BOUNDARY VALUE PROBLEM
NASEER AHMAD ASIF
Abstract. In this article, we establish the symmetric positive existence for the following
Caputo fractional boundary value problem
CD
µ
0
x(t) + f(t, x(t)) = 0, t ∈ (−1, 1), 1 < µ ≤ 2,
x(±1) = x′(0±) = 0,
where CD µ
0
x(t) = CD µ
0+
x(t) for t ≥ 0, CD µ
0
x(t) = CD µ
0−
x(t) for t ≤ 0. Moreover, f :
(−1, 1) × (0,∞) → R is continuous and singular at t = −1, t = 1 and x = 0. Here, CD µ
0+
and CD µ
0−
, respectively, are Caputo fractional left and right derivatives of order µ.
1. introduction
In this article, we are concerned with the existence of symmetric positive solutions for the
following Caputo fractional singular boundary value problem (SBVP)
CD
µ
0 x(t) + f(t, x(t)) = 0, t ∈ (−1, 1), 1 < µ ≤ 2,
x(±1) = x′(0±) = 0,
(1.1)
where CD µ0 x(t) =
CD
µ
0+x(t) for t ≥ 0,
CD
µ
0 x(t) =
CD
µ
0−x(t) for t ≤ 0. Moreover, f :
(−1, 1) × (0,∞) → R is continuous and singular at t = −1, t = 1 and x = 0. Here,
CD
µ
0+ and
CD
µ
0−, respectively, are Caputo fractional left and right derivatives of order µ. We
provide sufficient conditions for the existence of symmetric positive solutions of the Caputo
fractional SBVP (1.1). By a symmetric positive solution x of Caputo fractional SBVP
(1.1) we mean x ∈ C[−1, 1] satisfies (1.1), x(t) = x(−t) for t ∈ [−1, 1] and x(t) > 0 for
t ∈ (−1, 1). For Caputo fractional SBVPs (1.1), two point boundary conditions (BCs) are
x(±1) = 0, whereas x′(0±) = 0 are natural conditions followed by a function x which is
symmetric and concave on [−1, 1].
BVPs involving fractional order differentials have become an emerging area of recent
research in science, engineering and mathematics, [4, 7, 14, 15]. Applying results of nonlinear
functional analysis and fixed point theory, many articles have been devoted to the study of
the existence of solutions for fractional differential equations under various type of BCs
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[3, 9, 10, 16, 18, 22]. Further, many authors considered the SBVPs involving fractional
derivatives, for details see [1, 11, 13, 17, 19, 20, 21]. On the other side, many authors have
established the existence of symmetric positive solutions for nonlinear BVPs of integer order
derivatives of even order, for the references see [2, 5, 6, 8, 12].
However, all the above works were obtained with fractional order left derivatives and sym-
metric solutions have been formulated for BVPs of even order derivatives only. Consequently,
many aspects of the existence theory for the solutions of fractional order BVP needed to be
explore, such as symmetric positive solutions. To the author’s best knowledge, (1.1) is a
new form of fractional differential equation. Further, no paper in the existing literature
has formulated the existence of symmetric positive solutions for BVPs containing fractional
derivatives. An important features of this paper is that the Green’s function of the Caputo
fractional linear BVP corresponding to (1.1) is symmetric.
The paper is organized as follows. In Section 2, we recall some definitions from fractional
calculus and some preliminary lemmas for construction of Green’s function. Some properties
properties of Green’s function are also presented in the same section. In Section 3, by the
use of Schauder’s fixed point theorem and results of functional analysis, the existence of
symmetric positive solutions is obtained in Theorem 3.1. Finally, an example is presented
to illustrate our theory.
2. preliminaries
In this section, we shall state some necessary definitions and preliminary results. The
following definitions and lemmas are known, [7, 14, 15].
Definition 2.1. The Riemann-Liouville fractional left integral of order µ > 0 of a function
x : (0,∞)→ R is defined as
RLI
µ
0+ x(t) =
1
Γ(µ)
∫ t
0
(t− τ)µ−1x(τ)dτ, t ≥ 0.
Definition 2.2. The Riemann-Liouville fractional right integral of order µ > 0 of a function
x : (−∞, 0)→ R is defined as
RLI
µ
0− x(t) =
1
Γ(µ)
∫ 0
t
(τ − t)µ−1x(τ)dτ, t ≤ 0.
Definition 2.3. The Caputo fractional left derivative of a function x ∈ AC n[0,∞), n ∈ N,
of order µ ∈ (n− 1, n] is defined as
CD
µ
0+x(t) =
1
Γ(n− µ)
∫ t
0
x(n)(τ)
(t− τ)µ−n+1
dτ.
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Definition 2.4. The Caputo fractional right derivative of a function x ∈ AC n(−∞, 0],
n ∈ N, of order µ ∈ (n− 1, n] is defined as
CD
µ
0− x(t) =
(−1)n
Γ(n− µ)
∫ 0
t
x(n)(τ)
(τ − t)µ−n+1
dτ.
Lemma 2.5. For µ ∈ (n−1, n], n ∈ N, the fractional differential equation CD µ0− x(t)+y(t) =
0, t ≤ 0, has a solution x(t) = a1 + a2 t + a3 t
2 + · · ·+ an t
n−1 − RLI µ0− y(t), where ai ∈ R,
i = 1, · · · , n.
Lemma 2.6. For µ ∈ (n−1, n], n ∈ N, the fractional differential equation CD µ0+ x(t)+y(t) =
0, t ≥ 0, has a solution x(t) = b1 + b2 t + b3 t
2 + · · · + bn t
n−1 − RLI µ0+ y(t), where bi ∈ R,
i = 1, · · · , n.
The following lemmas are essential for Theorem 3.1. In Lemma 2.7, we construct the
Green’s function and formulate integral representation for a Caputo fractional linear BVP.
Lemma 2.7. Let y ∈ C((−1, 1), (0,∞)) satisfies
∫ 1
−1
(1−|t|)µ−1 y(t)dt <∞, then the Caputo
fractional linear BVP
CD
µ
0 x(t) + y(t) = 0, t ∈ (−1, 1), 1 < µ ≤ 2,
x(±1) = x′(0±) = 0,
(2.1)
has integral representation
x(t) =
∫ 1
−1
G(t, τ) y(τ)dτ, t ∈ [−1, 1], (2.2)
where
G(t, τ) =
1
Γ(µ)


(1 + τ)µ−1, −1 ≤ τ ≤ t ≤ 0,
(1 + τ)µ−1 − (τ − t)µ−1, −1 ≤ t ≤ τ ≤ 0,
(1− τ)µ−1 − (t− τ)µ−1, 0 ≤ τ ≤ t ≤ 1,
(1− τ)µ−1, 0 ≤ t ≤ τ ≤ 1.
(2.3)
Proof. Consider the Caputo fractional linear differential equation
CD
µ
0 x(t) + y(t) = 0, t ∈ (−1, 1), 1 < µ ≤ 2, (2.4)
which implies that
CD
µ
0− x(t) + y(t) = 0, t ∈ [−1, 0],
CD
µ
0+ x(t) + y(t) = 0, t ∈ [0, 1],
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which in view of Lemma 2.5 and Lemma 2.6, leads to
x(t) = a1 + a2 t−
1
Γ(µ)
∫ 0
t
(τ − t)µ−1y(τ)dτ, t ∈ [−1, 0],
x(t) = b1 + b2 t−
1
Γ(µ)
∫ t
0
(t− τ)µ−1y(τ)dτ, t ∈ [0, 1],
which on employing the BCs (2.1), reduces to
x(t) =
1
Γ(µ)
∫ 0
−1
(τ − 1)µ−1y(τ)dτ −
1
Γ(µ)
∫ 0
t
(τ − t)µ−1y(τ)dτ, t ∈ [−1, 0],
x(t) =
1
Γ(µ)
∫ 1
0
(1− τ)µ−1y(τ)dτ −
1
Γ(µ)
∫ t
0
(t− τ)µ−1y(τ)dτ, t ∈ [0, 1],
which can be expressed as
x(t) =
1
Γ(µ)


∫ 0
−1
(1 + τ)µ−1y(τ)dτ −
∫ 0
t
(τ − t)µ−1y(τ)dτ, t ∈ [−1, 0],∫ 1
0
(1− τ)µ−1y(τ)dτ −
∫ t
0
(t− τ)µ−1y(τ)dτ, t ∈ [0, 1],
which is equivalent to (2.2). 
In the following Lemma 2.8, we present some properties of the Green’s function (2.3).
Lemma 2.8. The Green’s function (2.3) satisfies
(1). G : [−1, 1]× [−1, 1]→ [0,∞) is continuous and positive on (−1, 1)× (−1, 1).
(2). G(t, τ) = G(−t,−τ) for all (t, τ) ∈ [−1, 1]× [−1, 1].
(3). G(t, τ) ≤ 1
Γ(µ)
(1− |τ |)µ−1 for all (t, τ) ∈ [−1, 1]× [−1, 1].
(4).
∫ 1
−1
G(t, τ)dτ = 2(1−|t|
µ)
Γ(µ+1)
, for all t ∈ [−1, 1].
Proof. (1). Clearly, the Green’s function (2.3) is continuous on [−1, 1]× [−1, 1] and pos-
itive on (−1, 1)× (−1, 1).
(2). The proof of (2) is obvious.
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(3). From the Green’s function (2.3), we have
G(t, τ) =
1
Γ(µ)


(1 + τ)µ−1, −1 ≤ τ ≤ t ≤ 0,
(1 + τ)µ−1 − (τ − t)µ−1, −1 ≤ t ≤ τ ≤ 0,
(1− τ)µ−1 − (t− τ)µ−1, 0 ≤ τ ≤ t ≤ 1,
(1− τ)µ−1, 0 ≤ t ≤ τ ≤ 1,
≤
1
Γ(µ)


(1 + τ)µ−1, −1 ≤ τ ≤ 0, −1 ≤ t ≤ 0,
(1− τ)µ−1, 0 ≤ τ ≤ 1, 0 ≤ t ≤ 1,
=
1
Γ(µ)
(1− |τ |)µ−1, (t, τ) ∈ [−1, 1]× [−1, 1].
(4). In view of (2.3), for t ∈ [0, 1], we have∫ 1
0
G(t, τ)dτ =
1
Γ(µ)
∫ 1
0
(1− τ)µ−1dτ −
1
Γ(µ)
∫ t
0
(t− τ)µ−1dτ =
1− tµ
Γ(µ+ 1)
.
Similarly in view of (2.3), for t ∈ [−1, 0], we have∫ 0
−1
G(t, τ)dτ =
1
Γ(µ)
∫ 0
−1
(1 + τ)µ−1dτ −
1
Γ(µ)
∫ 0
t
(τ − t)µ−1dτ =
1− (−t)µ
Γ(µ+ 1)
.
Thus for t ∈ [−1, 1], we have∫ 1
−1
G(t, τ)dτ =
2(1− |t|µ)
Γ(µ+ 1)
.

3. main result
Assume that
(A1). For x > 0, f(t, x) = f(−t, x) for all t ∈ (−1, 1). There exist q ∈ C(−1, 1), u ∈
C(0,∞) decreasing, and v ∈ C[0,∞) increasing such that
|f(t, x)| ≤ q(t)(u(x) + v(x)), t ∈ (−1, 1), x ∈ (0,∞),
∫ 1
−1
(1− |t|)µ−1 q(t)dt <∞, and
∫ 1
−1
(1− |t|)µ−1 q(t)u (c (1− |t|µ)) dt <∞ for c > 0.
(A2). There exist a constant R >
2 γ
R
Γ(µ+1)
such that, for t ∈ (−1, 1) and x ∈ (0, R], f(t, x) ≥
γ
R
, where the parameter γr is positive and decreasing for r > 0. Moreover,
R
χ
R
(
1 + q(R)
p(R)
) > 1,
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where
χr =
∫ 1
−1
(1− |t|)µ−1 q(t) u
(
2 γ
r
(1− |t|µ)
Γ(µ+ 1)
)
dt.
In view of (A2), choose ε ∈ (0, R−
2 γ
R
Γ(µ+1)
] such that
R − ε
χ
R+ε
(
1 + q(R+ε)
p(R+ε)
) ≥ 1. (3.1)
For m ∈ N with 1
m
< ε, consider the modified BVP
CD
µ
0 x(t) + f
(
t,min{max{x(t) +
1
m
,
1
m
}, R}
)
= 0, t ∈ (−1, 1), 1 < µ ≤ 2,
x(±1) = 0, x′(0±) = 0,
(3.2)
which in view of Lemma 2.7, has integral representation
x(t) =
∫ 1
−1
G(t, τ)f
(
τ,min{max{x(τ) +
1
m
,
1
m
}, R}
)
dτ, t ∈ [−1, 1].
Let X = {x : x ∈ C[−1, 1], x(t) = x(−t) for t ∈ [−1, 1]}. Define Tm : X → X by
Tmx(t) =
∫ 1
−1
G(t, τ)f
(
τ,min{max{x(τ) +
1
m
,
1
m
}, R}
)
dτ, t ∈ [−1, 1]. (3.3)
Clearly, fixed points of Tm are solutions of the Caputo fractional BVP (3.2).
Theorem 3.1. Assume that (A1) and (A2) hold. Then the Caputo fractional SBVP (1.1)
has a symmetric positive solution.
Proof. In view of (A1) and Schauder’s fixed point theorem the map Tm defined by (3.3) has
a fixed point xm ∈ X . Thus
xm(t) =
∫ 1
−1
G(t, τ)f
(
τ,min{max{x(τ) +
1
m
,
1
m
}, R}
)
dτ, t ∈ [−1, 1], (3.4)
which in view of (A2) and Lemma 2.8, leads to
xm(t) ≥
∫ 1
−1
G(t, τ)γ
R
dτ ≥
2 γ
R+ε
(1− |t|µ)
Γ(µ+ 1)
. (3.5)
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Also (3.4) in view of Lemma 2.8, (A1), (3.5) and (3.1), leads to
xm(t) ≤
1
Γ(µ)
∫ 1
−1
(1− |τ |)µ−1 q(τ)u
(
min{max{xm(τ) +
1
m
,
1
m
}, R}
)
(
1 +
v(min{max{xm(τ) +
1
m
, 1
m
}, R})
u(min{max{xm(τ) +
1
m
, 1
m
}, R})
)
dτ
≤
1
Γ(µ)
∫ 1
−1
(1− |τ |)µ−1 q(τ) u
(
2 γ
R+ε
(1− |τ |µ)
Γ(µ+ 1)
)(
1 +
v(R + ε)
u(R+ ε)
)
dτ
= χ
R+ε
(
1 +
v(R + ε)
u(R + ε)
)
≤ R− ε
(3.6)
Consequently, from (3.5) and (3.6), solution xm of BVP (3.2) satisfies
xm(t) =
∫ 1
−1
G(t, τ)f
(
τ, xm(τ) +
1
m
)
dτ, t ∈ [−1, 1], (3.7)
and
2 γ
R+ε
(1− |t|µ)
Γ(µ+ 1)
≤ xm(t) < R, t ∈ [−1, 1],
which shows that the sequence {xn}
∞
n=m is uniformly bounded on [−1, 1]. Moreover, since
G(t, τ) is uniformly continuous on [−1, 1] × [−1, 1], by Lebesgue dominated convergence
theorem, the sequence {xn}
∞
n=m equicontinuous on [−1, 1]. Thus by Arzela Ascoli Theorem
the sequence {xn}
∞
n=m is relatively compact and consequently there exist a subsequence
{xnk}
∞
k=1 converging uniformly to x ∈ X . Moreover, in view of (3.7), we have
xnk(t) =
∫ 1
−1
G(t, τ)f
(
τ, xnk(τ) +
1
nk
)
dτ,
as k →∞, we obtain
x(t) =
∫ 1
−1
G(t, τ)f(τ, x(τ))dτ, (3.8)
which in view of Lemma 2.7, leads to
CD
µ
0 x(t) + f(t, x(t)) = 0, t ∈ (−1, 1),
x(±1) = 0, x′(0±) = 0.
Also, CD µ0 x ∈ C(−1, 1). Further, from (3.8) in view of (A2) and Lemma 2.8, we have
x(t) =
∫ 1
−1
G(t, τ)f(τ, x(τ))dτ ≥
∫ 1
−1
G(t, τ) γ
R
dτ =
2 γ
R
(1− |t|µ)
γ(µ+ 1)
,
which shows that x(t) > 0 for t ∈ (−1, 1). Hence x ∈ C[−1, 1] with CD µ0 x ∈ C(−1, 1) is a
symmetric positive solution of the Caputo fractional SBVP (1.1). 
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Example 3.2.
CD
1.9
0 x(t) +
λ
(1− |t|0.9)0.9
(
1
(x(t))0.9
− x(t) +R
)
= 0, t ∈ (−1, 1),
x(±1) = 0, x′(0±) = 0,
(3.9)
where
0 < λ < min
{
R1.9
5.55871× 1010 × (1 + 2R1.9)10
, 0.913678× R1.9
}
.
Here
f(t, x) =
λ
(1− |t|0.9)0.9
(
1
x0.9
− x+R
)
.
Choose
q(t) =
λ
(1− |t|0.9)0.9
, u(x) =
1
x0.9
, v(x) = x+R, γr =
λ
r0.9
.
Then,
∫ 1
−1
(1− |t|)0.9 q(t)dt = 2.12926× λ,
∫ 1
−1
(1− |t|)0.9 q(t) u(c (1− |t|1.9))dt = 12.8761×
λ
c0.9
.
Moreover,
|f(t, x)| ≤ q(t)(u(x) + v(x)), for t ∈ (−1, 1), x ∈ (0,∞),
f(t, x) ≥ γ
R
for t ∈ (−1, 1), x ∈ (0, R].
Further,
R
χ
R
(
1 + v(R)
u(R)
) = R0.19
11.8713× (1 + 2R1.9) λ0.1
> 1,
where
χr =
∫ 1
−1
(1− |t|)0.9 q(t) u
(
2 γ
r
(1− |t|1.9)
Γ(2.9)
)
dt = 11.8713× λ0.1 × r0.81.
Clearly, the assumptions (A1) and (A2) of Theorem 3.1 are satisfied, therefore, the Caputo
fractional SBVP (3.9) has a symmetric positive solution.
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